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FLOQUET THEORY FOR g-DIFFERENCE EQUATIONS

MARTIN BOHNER AND ROTCHANA CHIEOCHAN

Dedicated to Professor Mustafa Kulenovi¢ on the occasion of his 60" birthday

ABSTRACT. In this paper, we introduce w-periodic functions in quantum cal-
culus and study the first-order linear g-difference vector equation for which its
coefficient matrix function is w-periodic and regressive. Based on the new defi-
nition of periodic functions, we establish Floquet theory in quantum calculus.

1. INTRODUCTION

Floquet theory plays an important role in many applications such as in linear
dynamic systems with periodic coefficient matrix functions. The study of Floquet
theory can be found in Kelley and Peterson [6], Hartman [4], and Cronin [3] for
R, and for Z in Kelley and Peterson [5]. Ahlbrandt and Ridenhour have studied
Floquet theory on periodic time scales [1].

In this paper, we are interested to study Floquet theory for g-difference equa-
tions, namely dynamic equations on the so-called g-time scale, i.e.,

T:=q¢"% :={¢': t € Ny}, where ¢ > 1.

We present a new definition (see Definition 3.1 below) of periodic functions on
the ¢-time scale and derive some Floquet theory based on the first-order linear
equation, called a Floquet g-difference equation,

2 = Ab)z, (1.1)
where
t) —x(t
$A(t) — x(q ) .’IJ( )
(q—1)t
A is an w-periodic matrix function defined as in Definition 3.1 below, and A also
is regressive, i.e.,

for t €T,

I+ (q—1)tA(t) isinvertible forall ¢ e T,

where [ is the identity matrix.
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2. SOME AUXILIARY RESULTS

The following definitions and theorems are useful to prove the results in Sections
3 and 4 below.

Definition 2.1. Let m,n € Ng withm < n, and f : ¢"0 — R. Then
q" n—1
| r0st=a-1 Y 1),
qam k=m

Definition 2.2 (Matrix exponential function). Let ty € ¢"° and A be an n x n
regressive matrix-valued function on ¢™°. The unique matrix-valued solution of
the initial value problem

YA =AY, Y(to)=1I,
where I denotes the n x n identity matrix, is called the matrix exponential function

(at ty), and it is denoted by e 4(+, to).

For example, if A is an n x n regressive matrix-valued function on ¢"° and
s=qM,t =q" withm,n € Ny and m < n, then

ealt.s)= [ [U+(@-DrAw)
TeqVon[s,t)

2.1

n—1

=[]+ (a—1)d" A",

k=m

where the matrix product is from the left to the right.

Theorem 2.3 (See [2, Theorem 5.21)). If A is a matrix-valued function on qNo,
then

(i) eo(t,s) =T andex(t,t) =1,
(ii) ea(t,s) = e;ll(s,t);
(iii) BA(t, S)GA(Sv ’I“) = GA(t, T)'

Theorem 2.4 (Liouville’s formula [2, Theorem 5.28]). Let A be a 2 x 2 regressive
matrix-valued function on ¢"°. Assume that X is a matrix-valued solution of

XA = A()X, teqv.
Then X satisfies
det X (t) = exatpdet a(t, to) det X (o), t € ¢™,
where trA and det A denote the trace and the determinant of A, respectively, and

p(t) = (g—1t, teq®.
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In the last section, we shall show an example of a Floquet g-difference equation,

whose coefficient matrix function is defined in terms of trigonometric functions on
No
q°.

Definition 2.5 (Trigonometric functions). Let p be a function defined on ¢"° and
suppose 14 (q—1)tp(t) # 0 forall t € gNo. We define the trigonometric functions
cosy, and siny, by

€ip + €—ip . €ip — €—ip

——— and sin, == ———.

2 b 2i

In particular, we have Euler’s formula given by

COSyp 1=

eip(t, to) = cosp(t, to) + isiny(t, to),
and the identity [sin, (¢, ¢9)]? + [cos,(t, t9)]? = 1 need not hold.

3. PERIODIC FUNCTIONS

Let T be a periodic time scale with period T > 0, i.e., t + T € T whenever
t € T. Then a function f : T — R is called periodic if f(t +T) = f(t) for all
t € T. This definition applies for example to the prominent examples T = R and
T = Z. However, T = ¢ is not a periodic time scale. Thus we shall introduce
the definition of w-periodic functions on ¢™° as follows.

Definition 3.1. Let w € N. A function f : ¢"° — R is called w-periodic if
f(t)=q*f(¢"t) forall te g,

A first question concerns the geometrical meaning of w-periodic functions on
¢"o. The following theorem and an example below address this issue.

Theorem 3.2. Let f be an w-periodic function on ¢™° and define

ci= /161“” f(t)At.

Then
q“t
(s)As =c forall te¢".
t

Before we prove Theorem 3.2, let us see some examples.
Example 3.3. Let ¢ € R. We define a function f : 2Y0 — R by
f(t) = % forall ¢ e 2MNo.

Then
2f(2t) = 22% - g = f(t) forall te 2V
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s0, by Definition 3.1, f is 1-periodic. From Definition 2.1, we have

2
/1 F(B)AE = f(1) = ¢
and

2t
f(s)As=2"f(2") = t% =¢, where t=2".
t
Geometrically, Figure 3.1 shows that the areas under the graph of the function f
on the intervals [27, 2"+, n € {0, 1,2, 3,4}, are all equal to the same constant c.

cf?

cfa

c/8
C,flﬁ c c |
X2 4 8 16 32

FIGURE 3.1. The constant area of the rectangles corresponding
to the 1-periodic function f on the intervals [27, 27T, n €
{0,1,2,3,4}.

Example 3.4. Let ¢ > 1 and define f : ¢"© — R by

1
ft) = n forall te ¢™°.

Then
1 1 N,
¢“f(g“t) = q"JE =5 = (t) forall teq™
so, by Definition 3.1, f is w-periodic for any w € N. From Definition 2.1, we have
that

-t n+w-—1 n+w-—1 c
| fAs=(a-1) Y @) =@-1) ) qkqfk:(q—l)wc
k=n k=n

is independent of ¢ = g™ € ¢,
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Example 3.5. Let ¢ > 1 and define f : ¢"© — R by

=

if log,t isodd,
ft) =

SN

if log,t iseven,

where log,, is the logarithm to base g, in particular, logq(q”) = n for any n € Np.
Then

21 if logg(g*t) isodd,

¢ fd*t) = ¢
2 if log,(¢*t) iseven

q-t
T if log,t isodd,
2 . .
7 if log,t iseven
= f(t),

so0, by Definition 3.1, f is 2-periodic. However, since

af (@)= 4> =241 = f(1)
f is not 1-periodic.

Proof of Theorem 3.2. We use the principle of mathematical induction to prove
that

/q f(s)As=c¢ (3.1)
q

holds for all n € Ny. From the assumption, we see that (3.1) holds for n = 0.
Now assume that (3.1) holds for some n € Ny. Using Definition 2.1, Definition
3.1, again Definition 2.1, and (3.1), we obtain

n+l+w n+w

/ L fnt=-1) Y )

it k=n-+1

n+w 1
q o 1 { +qn+wf(qn+w)}

k= n+1
n+w 1

(g—1) { ) + q”q‘”f(q“q")}
k= n+1

n+w 1

(¢g—1) { )+q"f(q )}

k= n—l—l
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n4+w—1

=(@-1) Y ¢"fd"

k=n

=c.
Hence (3.1) holds with n replaced by n + 1 and the proof is complete. O

Lemma 3.6. If B is an w-periodic and regressive matrix-valued function on g™,
then
ep(t,s) = ep(q“t,q”s) forall t,se ¢,

Proof. Suppose s = ¢ and t = ¢" for some m,n € Ny with m < n. Using (2.1),
Definition 3.1, and again (2.1), we obtain

w—+n w+m)
)

ep(q”t,q”s) = ep(q
w+n—1
= II [r+@-1dB")]
k=w+m
1

= :I +(q— 1)61'“*“’3(61’“*“’)}

q

3
|

=
I
3

i
L

I
—

:f +(q - 1)q’“q°’B(qqu)}

=
]
3

i
L

= :f +(q - 1)q'“B(qk)}

B(t,s).

The proof is complete. O

i

Theorem 3.7. Let tg € ¢"° and w € N. If C is a nonsingular k x k matrix
constant, then there exists an w-periodic regressive matrix-valued function B on
¢~ such that

es(q“to, to) = C.

Proof. Let u; be the eigenvalues of C, 1 < i < k. Forp € {0,1,2,...,w — 2},
define
Jgo 0 ... 0

R, = 0 J2

0 ... 0 J,
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where either J; is the 1 x 1 matrix J; = y; or

0 j2% 1 :
Ji: : ’ ) )
0 ... O 0 1%

1 < i <k, and define

w—2
_ 1 Ok R
Rt = (e 1 {H {IJF (4= 1)a tOR’“} ¢ I}’

k=0

where [ is the identity matrix and H:;g [I+ (¢ — 1)g"toRx] s the product
starting from the right to left. This gives

w—1

[ |1+ (a-Ddtri] =,
k=0

where [T¢Zg [I + (¢ — 1)¢"toRy] is the product starting from the left to right.
Moreover, R,, are regressive for all p € {0,1,2,...,w — 1}. We define

. R
B(q“™tg) ::TJ forall j€{0,1,2,...,w—1} andall m € Ny.
a“m

Therefore B is w-periodic and regressive on ¢ and

w—1

en(qto,to) = [ |1+ (4= Vd"tB(d"t0)] = C.
k=0

where [[7Zy [ + (¢ — 1)¢*toB(¢¥to)] is the product starting from the left to
right. ([

4. FLOQUET THEORY

In this section, we consider the Floquet g-difference equation (1.1), where A is
a regressive and w-periodic matrix-valued function.

Lemma 4.1. Let tg € ¢"° and suppose x is a solution of the Floquet q-difference
equation (1.1) satisfying the boundary condition

x(to) = ¢“z(¢"to).

Then x is w-periodic.
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Proof. Define a function f on ¢ by

f(t) := ¢“x(¢“t) — x(t) forall te .
Then f(to) = 0 and

A flqt) — f(t)
_ ¢vz(q¥qt) — x(qt) — ¢*x(q”t) + =(t)
(¢—1)t
_ w2(gq¥t) —x(g™t)  x(qt) —x(t)
(¢ — 1)t (¢—1)t

= ¢“q"z"(¢"t) — 22 (1)

= ¢“q" A(¢"t)z(¢"t) — A(t)z(t)

= A(t) [q¥z(q"t) — (1))

= A(t)f(2).
By unique solvability of the initial value problem f& = A(t)f, f(to) = 0, we
conclude f(t) = 0 for all t € ¢"0. By Definition 3.1, z is w-periodic. O

As usual, we call a matrix-valued function ® a fundamental matrix of the Flo-
quet g-difference equation (1.1) provided it solves (1.1) such that ®(¢) is nonsingu-
lar for all ¢ € ¢"o. The following results gives a representation for any fundamental
matrix of the Floquet g-difference equation (1.1).

Theorem 4.2. Suppose @ is a fundamental matrix for the Floquet q-difference
equation (1.1). Define the matrix-valued function ¥ by

U(t) = q“®(q*t), teq.

Then WV is also a fundamental matrix for (1.1). Furthermore, there exist an w-
periodic and regressive matrix-valued function B and an w-periodic matrix-valued
function P such that

d(t) = P(t)ep(t,tg) forall te .
Proof. Assume @ is a fundamental matrix for (1.1) and define ¥ as in the statement
of the theorem. Then
W(gt) — W(t)
(g—1)t
_ ¢¥P(g¥qt) — ¢° P (gt
a (¢—1)t
wqw (b(qut) B (I)(qwt)
(g —1)gvt

UA(t) =
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= ¢“q“ D> (¢"t)

= q”q" A(q“t)®(¢*t)
= ¢“ A(t)®(¢"t)

— A()T(t).

Since det W(t) # 0 for all ¢ € ¢"°, ¥ is a fundamental matrix for (1.1). Further-
more, define now the nonsingular constant matrix C' by

C = d Ltg)U(tp).
The function D defined by D(t) = ¥(t) — ®(¢)C, t € ¢"°, satisfies D(tg) = 0
and
DA(t) = UA(t) — d2(1)C = A(t)T(t) — A(t)®(t)C = A(t)D(t),
and thus, by unique solvability of this initial value problem, we conclude
¢“®(¢°t) = U(t) = ®(t)C forall t € ¢, 4.1

By Theorem 3.7, there exists an w-periodic and regressive matrix-valued function
B such that

eB(qwto, to) =C. (42)
Now define the matrix-valued function P by

P(t) :== ®(t)ez' (t,t0), te g™

Obviously, P is a nonsingular matrix-valued function on ¢"°. Using (4.1), Theo-
rem 2.3 (i), (ii), (4.2), and Lemma 3.6, we obtain

g P(¢"t) = ¢ ®(¢°t)e' (¢°t, to)

= ®(t)Cep(to, ¢“t)
t)Cep(to,¢“to)en(q“to, ¢“t)
tiep(to,t)
ez (L, to)
t)

(
o
o
&
B

forallt € qNO, i.e., P is w-periodic. O

Theorem 4.3. Suppose ®, P, and B are as in Theorem 4.2. Then x solves the
Floquet q-difference equation (1.1) if and only if y given by y(t) = P~(t)x(t),
t € ¢, solves y™ = B(t)y.

Proof. Assume x solves (1.1). Then, as can be seen again by unique solvability of
initial value problems as in the proof of Theorem 4.2, we have

z(t) = ®(t)zo forall t € ¢, where zo:= ® (to)x(to).
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Define y by y(t) = P~(t)z(t), t € ¢"°. Then
y(t) = P~H(t)®(t)zo = P~ (t)P(t)en(t, to)zo = epl(t, to)xo,
which solves y® = B(t)y. Conversely, assume y solves y = B(t)y and define
by z(t) = P(t)y(t), t € ¢"°. Again by unique solvability of initial value problems,
we have
y(t) = ep(t,to)yo forall t € ¢, where yo:= ep(to, t)P(to)y(to)-
It follows that
x(t) = P(t)y(t) = P(t)es(t to)yo = 2(t)yo,
which solves (1.1). U

Definition 4.4. Let ® be a fundamental matrix for the Floquet q-difference equa-
tion (1.1). The eigenvalues of ¢*®~1(1)®(¢¥) are called the Floquet multipliers
of the Floquet q-difference equation (1.1).

Remark 4.5. Since fundamental matrices for the Floquet g-difference equation
(1.1) are not unique, we shall show that the Floquet multipliers are well defined.
Let ® and ¥ be any fundamental matrices for (1.1) and let

C:=¢"d 1 (1)®(¢®) and D := ¢~V 1(1)T(¢*).

We show that C and D have the same eigenvalues. Since ® and ¥ are funda-
mental matrices of (1.1), we see as in the proof of Theorem 4.2 that there exists a
nonsingular constant matrix M such that

U(t) = &(t)M forall t € ¢,
It follows that
D =g 1)W(¢¥) = ¢*M e 1 (1)®(¢*)M = M~ICM.

Therefore C' and D are similar matrices, and thus they have the same eigenvalues.
Hence, Floquet multipliers are well defined.

Remark 4.6. Note also that the proof of Theorem 4.2 shows that the matrix-valued
function

¢“@ (1) @(¢"t) = 2T ()U(t) = 2 H(1)U(L) = ¢" 2T (1)D(¢”)
does not depend on ¢ € ¢"°, and therefore Floquet multipliers of the Floquet g-

difference equation (1.1) are also equal to the eigenvalues of ¢“®~1(¢t)®(¢*t),
where t € ¢™0 is arbitrary.

Theorem 4.7. The number g is a Floquet multiplier of the Floquet q-difference
equation (1.1) if and only if there exists a nontrivial solution x of (1.1) such that

¢“x(q“t) = pox(t) forall te ¢o.



FLOQUET THEORY FOR ¢-DIFFERENCE EQUATIONS 365

Proof. Assume yi is a Floquet multiplier of (1.1). Let t € ¢"°. By Remark 4.6,
po is an eigenvalue of C' := ¢*®~1(¢)®(¢*t), where ® is a fundamental matrix of
(1.1). Let zo be an eigenvector corresponding to the eigenvalue (i, i.e., we have
Cxo = poxo. Define x by 2(t) = ®(t)xg for all t € ¢"°. Then z is a nontrivial
solution of (1.1) and

¢“z(q¥t) = ¢“P(¢¥t)xo = ©(t)Cxo = ®(t)oro = pox(t).
Conversely, assume that there exists a nontrivial solution x of (1.1) such that
¢“x(q*t) = pox(t) forall t € ¢o. Let ¥ be a fundamental matrix of (1.1). Then

x(t) = U(t)yo for all t € ¢No and some nonzero constant vector yo. Furthermore,
q“ ¥ (g“t) is a fundamental matrix of (1.1). Hence

q“x(qt) = pox(t) and ¢“¥(g“t)yo = po¥(t)yo-
Since ¢*¥(¢“t) = V(t)D, where D := ¢“ W~ 1(1)¥(¢*¥) and ¥ (t)Dyy = ¥ (t)
oYo, it follows that Dyg = poyo, and hence p is an eigenvalue of D. U

Remark 4.8. By Theorem 4.7, the Floquet ¢-difference equation (1.1) has an w-
periodic solution if and only if pg = 1 is a Floquet multiplier.

5. APPLICATION AND AN EXAMPLE

Example 5.1. Let p be the 2-periodic function given in Example 3.5 and note that
this p is regressive on ¢, Define

. 0 %cosp(qzt, t) No
A(t) == ( L iny (¢, 1) 0 forall tecq™. 5.1

We apply Lemma 3.6 to show that the coefficient matrix-valued function A is 2-
periodic:
L ; 0 ﬁ cosp(q't, ¢*t)
T Alqt) =q X

=i sinp(q4t, q2t) 0

0 eip(qit,q*t)+e_ip(qit,g*t)
2%

eip(qit,q*t)—e_ip(qt,g*t) 0
%%

0 1 cosp(g?t, t)

1 sin, (¢?t, t) 0

= A(t).
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The solution of the Floquet g-difference equation 2 = A(t)x, where A is
defined as in (5.1), satisfying the initial condition z(1) = xo, is z(t) = ea(t, 1)xo,
t € ¢"o. If ju1 and puz are eigenvalues corresponding to the constant matrix

C:=q’e;' (1,1)ealq®, 1) = ¢’ealq’, 1),
then by applying Liouville’s formula (Theorem 2.4), we get
pipe = det C = det g?ea(¢%, 1) = ¢* detea(q%, 1)
= ¢ evarpaet a(q?, 1) detea(1,1)
= dq'es(d, 1),
where f : ¢"o — R is defined by

f(t) = (1-9q) sinp(q2t, t) cosp(q2t7 t)

: forall t e qNO.
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